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An analytic solution of the equations of a regular electrostatic beam 
in the presence of emission from an arbitrary surface under total space 
charge conditions is given. It is assumed that the emitter is a coordi- 
nate surface x ~ = const in an orthogonal system x i (i = 1, 2, 3), and 
the emission-current density ] is a given function J(x ~, xa). The solu- 
tion is represented in the form of series in x 1 with coefficients that are 
functions of x z, x ~ and determined from recurrence relations. In ex- 
pansion along the length of an arc of the curvilinear axis x ~, which 
is orthogonaI to the emitter, the first correction of the Child-Lang- 
muir 3/2 law is determined only by the total curvature (the sum of 
the principal curvatures) of the emitting surface. Solution of the 
problem in the formulation in question permits determination of the 
collect0r shape that ensures the given distribution of the emission- 
current density over the given surface. 

A r e g u l a r *  m o n o e n e r g e t i c  n o n r e l a t i v i s t i c  b e a m  of  
c h a r g e d  p a r t i c l e s  w i th  t h e  s a m e  v a l u e  and s ign  of  s p e -  
c i f i c  c h a r g e  V in the  a b s e n c e  of  an e x t e r n a l  m a g n e t i c  
f i e ld  i s  d e s c r i b e d  in the  s t a t i o n a r y  c a s e  by a s y s t e m  
of  d i f f e r e n t i a l  e q u a t i o n s ,  wh ich  in t e n s o r  f o r m  in  an 
a r b i t r a r y  c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  x i (i = 1, 2, 

3) h a s  the  f o r m  

w h e r e  v i a r e  t he  c o v a r i a n t  v e l o c i t y  c o m p o n e n t s ;  p is  
the  s c a l a r  p o t e n t i a l ;  p the  s p a c e  c h a r g e  d e n s i t y ;  g ik  

the  c o v a r i a n t  m e t r i c  t e n s o r ;  and g = [gikl i t s  d e t e r -  
m i n a n t .  E q u a t i o n s  (1) a r e  w r i t t e n  in  the  d i m e n s i o n l e s s  
v a r i a b l e s  r ~ V ~ p~ p~ (r, V a r e  t he  a b s o l u t e  v a l u e s  

of  the  r a d i u s  v e c t o r  and v e l o c i t y  v e c t o r )  

r = ar  ~ V = U V  ~ 

(P = U ~ r.po U" 0 o 
- -  ~ -  , ? = 4 ~ n ~ ,  , ( 2 )  

w h e r e  the  s y m b o l  f o r  a d i m e n s i o n l e s s  v a l u e  i s  o m i t t e d ;  
a, U a r e  c o n s t a n t s ,  which  h a v e  the  d i m e n s i o n  of  
l eng th  and v e l o c i t y ,  r e s p e c t i v e l y .  

The  f i r s t  e q u a t i o n  in (1) r e p r e s e n t s  t he  e n e r g y  i n t e -  
g r a l ;  the  s e c o n d  r e f l e c t s  the  f a c t  tha t  the  v e l o c i t y  i s  a 
p o t e n t i a l  v e c t o r ;  and the  t h i r d  and f o u r t h  a r e  t he  e q u a -  
t ion  o f  c u r r e n t  c o n s e r v a t i o n  and the  P o i s s o n  e q u a t i o n  

f o r  the  s c a l a r  p o t e n t i a l .  
H e n c e f o r t h  we sha l l  a s s u m e  tha t  the  e m i t t i n g  s u r -  

f a c e  c o i n c i d e s  wi th  one o f  the  s u r f a c e s  x ~ = e o n s t  o f  
t h e  o r t h o g o n a l  c o o r d i n a t e  s y s t e m  x i (i = 1, 2, 3). Wi th -  
out  l o s s  of  g e n e r a l i t y ,  the  c o n s t a n t  c a n  be  a s s u m e d  to 

equa l  z e r o .  As is  known,  m o s t  i n t e r e s t i n g  f r o m  a p r a c -  
t i c a l  po in t  o f  v i e w  a r e  r e g i m e s  wi th  e m i s s i o n  l i m i t e d  
by the  s p a c e  c h a r g e :  on the  e m i t t e r  x 1 = 0 

V = O, ~ = 0, O~ / Ox ~ = 0, pv~, = Y (x  2, x~ ) , (3 )  

w h e r e  J (x  2, x 3) i s  the  e m i s s i o n - c u r r e n t  dens i ty ,  and 

Vxi a r e  the  p h y s i c a l  v e l o c i t y  c o m p o n e n t s .  
Le t  us  s e e k  the  so lu t i on  of  p r o b l e m  (1), (3) in the  

f o r m  of  s e r i e s  in x 1 wi th  c o e f f i c i e n t s  tha t  a r e  f u n c -  
t i ons  of  x 2, x3: 

~=0 IC=0 

k=O i,' 0 

2 V i :  0 = (x') o,, (4) 

d e c o m p o s i n g  in s i m i l a r  s e r i e s  the  e l e m e n t s  of  the 
m e t r i c  t e n s o r  gik, gik, ~g and the  Combina t ions  
~/g gik: 

e~ = )2 a~ (~1)~', 

g l l  = ~ e:lk ( X l )  l~', 
k=o  

VE= 
k=0  

co 

k=o  

h'=l) 1," H 
co 

k=-O If~ 0 

V ~ - p =  ~ ~,,(~I ~, 
k: :0 

T h e  c o e f f i c i e n t s  G k, c~ k, /~k, N~ can be e x p r e s s e d  
in t e r m s  of  A k ,  B k, C k o r  in t e r m s  .of "k,  bk, ek.  

If  we  h a v e  e x p a n s i o n s  f o r  the  c o v a r i a n t  v e l o c i t y  
c o m p o n e n t s  vi ,  t hen  i t  i s  e a s y  to  m o v e  to the  p h y s i -  

ca l  c o m p o n e n t s  Vxi (h i s  a f ix ing  index) ,  

Examination of the conditions for regularity of flow 
indicates that ~4 = ~ = 5/3 and makes it possible to ex- 

press the coefficients of the expansions v 2 and v~ in 

terms os Uk: 

�9 = 0 U  U I , ( ,  

(6) 
( ~ + k ) W ~  0u~ U ' =O)-z~= k3 (k--t~, 1 . . . .  ) .  

* A c c o r d i n g  to [1], we sha l l  ca l l  the  f low reg~t la r  i f  

the  g e n e r a l i z e d  m o m e n t u m  of  t he  p a r t i c l e  i s  a p o t e n -  

t i m  v e c t o r .  

Thus, when (3) is satisfied, the particles leave the 

emitter at a right angle to it [2]. 
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If we subs t i t u t e  the  e x p r e s s i o n s  fo r  v i into the  f i r s t  
equat ion of (1), we ob ta in  

k 

% = E [(v~ + 2 y, u,_,u,~_,+,) A,_,~ + 
k=O l ~ 1  

+(2 N v,u.,~_,+d A,_~_, +(v~ + ~ ~ v,_,v~_,§ ~,.._~ + 
Z=O l = l  

/ = 0  / = 1  

g 

• (~=o, ~ . . . .  ). 17) 

Summat ion  with r e s p e c t  to k i s  c o n t r o l l e d  by  the 
s u b s c r i p t s  of  A, B, C: fo r  a f ixed  s, a l l  va lue s  of  k 
tha t  g ive  nonnegat ive  s u b s c r i p t s  a r e  a l lowab le .  The  
coe f f i c i en t s  with nega t ive  s u b s c r i p t s  a r e  by  def in i t ion  
equal  to z e r o .  

If  we use  the  P o i s s o n  equat ion,  we find 

= (, (. + + 
8~0 

+ 7, 
S=O 

(t = o, ~ . . . .  ) .  ( 8 )  

H e r e  i t  should be  bo rne  in mind tha t  the sum with 
r e s p e c t  to s f r o m  a to b i s  equal  to z e r o  if  b < a .  

In o r d e r  to ob ta in  r e l a t i o n s  tha t  d e t e r m i n e  the Co- 
e f f i c i en t s  of expans ions  (4), i t  r e m a i n s  to use  the  l a s t  
condi t ion  of (3), which  r e l a t e s  U 0 and J,  and the equa-  
t ion of c u r r e n t  c o n s e r v a t i o n .  If we equate  the coe f f i -  
c i en t s  of  i den t i ca l  p o w e r s  of x 1, we have 

7) p - - t  p- -2  io - - t~2  

~ Y, o, Y, ~,u~_,_, + E r(o, ~, e,v,_,.,_d;+ 
t=O / = 0  t=O ~ l=O 

p - - l - - 2  

+ (p, ~, c~w._,+,);] = o, 

U o  = (912a0 ~/2 J ) ' / .  (p  = 1, 2 . . . .  ) . (9) 

Since a s i m p l e  r e l a t i o n  ( 6 ) - ( 8 )  e x i s t s  be tween  the 
coe f f i c i en t s  of expans ions  (4), i t  i s  suf f ic ien t  to e x a m -  
ine one of  s e r i e s  (4), fo r  example ,  fo r  the  po ten t i a l .  
Using (7)-(9) ,  we find 

{ 9 J  .) 'h ~1 - -  3 A1 8 a l  
To = V)')')')')')')')')~o; , 9o 5 Ao ~ "~o ' 

--9o r =- --361 ( .  -~oA" 27 Uo ~" 27 BoVo' ~%_Co]'Vo')/ 

t (4 a~ 

% %, 8%90 

- -  (c%BoVo~o)~' 4- (aoCoWo%)s' 
36ct0AoU0(p'o (10) 

AS is  known, the  s u r f a c e  x i = eons t  is  c h a r a c t e r i z e d  
at  each  poin t  by  two of  i t s  p r i n c i p a l  c u r v a t u r e s  x l  and 
~2 o r  the to ta l  c u r v a t u r e  T = n 1 + x2 and the G a u s s i a n  
c u r v a t u r e  K = n i x  2. A c c o r d i n g  to the  Gauss  t h e o r e m  
[3], K be longs  to the i n t e r n a l  g e o m e t r y  of the  su r face ,  

i . e . ,  i t  i s  c o m p l e t e l y  d e t e r m i n e d  by  the a s s i g n m e n t  
of the m e t r i c s  on it: 

t F O2g~ t 02922 
K = ,, g . . _ ( g ~ #  kox~oz" - -  2 (oz . )~ ' - -  

t 02988 .4_ 1-~r]~ - r ~ r  j- ] 

w h e r e  r ~ k  i s  a Chr i s to f f e l  symbol  of the  second kind.  

Tak ing  the  convolut ion  with  r e s p e c t  to i, j and cons id -  
e r i n g  tha t  the  examina t i on  is  be ing  c a r r i e d  out in an 
o r thogona l  coo rd ina t e  s y s t e m ,  we obta in  

t 2 [ o,g,~ 27 (o~)".l + 27 K = ~ { - -  L(OxS) . Lk~xs] - -  -~x*-~xx~] 

L\ ox~/ -- oz" oxtU 

Now if  we use  the  condi t ions  of a Euc l idean  space', 
which a r e  e x p r e s s e d  by  equat ing the R i e m a n n - C h r i s -  
tof fe l  t e n s o r  to z e r o  (s ix Lamb iden t i t i e s ) ,  we a r r i v e  
at  the  fol lowing e x p r e s s i o n  fo r  the G a u s s i a n  c u r v a t u r e  
of  the s u r f a c e  x t = cons t  in o r thogona l  Euc l idean  c o -  
o r d i n a t e s  xi :  

K =  t Olng2~Olng33 (11) 
4 g a i  Ox 1 Ox i " 

[4] 
On the o t h e r  hand, fo r  the  to ta l  c u r v a t u r e  T we have 

i (o In g2~ o In g,.~ (12) 

F r o m  (11), (12) i t  is  a p p a r e n t  tha t  the p r i n c i p a l  
c u r v a t u r e s  ~ l  and x2 a r e  d e t e r m i n e d  by  the e x p r e s -  
s ions  

l Olng22 i .01ng83 
2 ] / g n  Ox~ ' Z 2 =  2 Y:~11 Oz~ (13) 

Let  us dwell  in m o r e  de ta i l  on the  f i r s t  two t e r m s  
of the expans ion  of the  po ten t i a l .  B e a r i n g  in mind that  

Ci 1 a i 
G'~ = 2 aQ - - a ~  , 

we have 

9 ( 2  al 

w h e r e  s = ao l /~x l .  The mean ing  of s wi l l  be expla ined  
subsequent ly .  Note only tha t  w h e r e a s  the e u r v i l i n e a r  
c oo rd ina t e  x I can  have any d imens ion  when we r e t u r n  
to d i m e n s i o n a l  va lues ,  s wi l l  have the  d imens ion  of  
length.  

The f i r s t  t e r m  of expans ion  (14) r e p r e s e n t s  the  
we l l -known  law of 3/2  fo r  a p lane  diode [5, 6] in loca l  
nota t ion [J = J (x  2, x3)]. The c o r r e c t i o n  to it, which 
i s  e x p r e s s e d  by  the second t e r m ,  i s  a funct ion of the  
p r o p e r t i e s  of the  s u r f a c e  i t s e l f  (through i ts  to ta l  c u r v a -  
t u r e )  as  wel l  a s  of the  s e n s e  of  the p a r a m e t e r  in which 
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t h e  e x p a n s i o n  i s  m a d e .  In  o r d e r  to  e x p l a i n  t h i s ,  we 

n o t e  t h a t  in  a c y l i n d r i c a l  d i o d e  w i t h  a n  e m i t t e r  R = 1 
and  J = c o n s t ,  a s  x I we  c a n  u s e ,  f o r  e x a m p l e ,  

(t ')  x ~ = B - -  t ,  (2 ~ ) x ~ = t n B ,  

(3 ~ ) x ~ --  l - - - B  -~. 

P a p e r s  [ 7 ,  8] w e r e  d e v o t e d  to t h e  c o n s t r u c t i o n  of  
e x p a n s i o n s  w i t h  x l i n  t h e  f o r m  o~ (2~  (3~ F o r  (1~  
(3 ~ ) we  h a v e ,  r e s p e c t i v e l y ,  

(I~ g n  == t ,  (2 ~ g n  = exp (2x'), 

(3 ~ ) g n = ( t - - x ~ )  -~. 

F o r m u l a  (14) t a k e s  on  a u n i v e r s a l  f o r m  i f  t h e  e x -  

p a n s i o n  i s  c a r r i e d  ou t  a l o n g  t h e  l e n g t h  of  t h e  a r c  S of  
t h e  c u r v i t i n e a r  a x i s  x l :  

s = I l /%~ de ' .  ( 1 5 )  

I f  we  e x p a n d  t h e  i n t e g r a n d  in  a s e r i e s  in  x i and  i n t e -  

g r a t e ,  we o b t a i n  

T ~  ( * ' ) = +  T 4 ~,2" 

1 al =__ t / a2 I a12!,~.~_t 
- s + T ~ s  •  4 ,,o:, ; . . . . .  

T h u s ,  s i s  t h e  p r i n c i p a l  t e r m  of t h e  e x p a n s i o n  of  
t h e  l e n g t h  o f  t h e  a r c  S in  x 1. I f  we  e x p r e s s  s in  t e r m s  

of  S 

s = S - - - - - -  o ~  s'-' + - ; -  ( ~ - ~s J ' (16) 

and  s u b s t i t u t e  (16) i n to  (14), we  h a v e  

2(p = (9/J)'/~SV" (1 + S A b T S  + . . . ) .  (17) 

W h e n  S ~ 0, i t  i s  s u f f i c i e n t  to  l i m i t  t h e  e x p a n s i o n  

to t h e  f i r s t  t e r m ,  w h i c h  r e p r e s e n t s  t h e  C h i l d - L a n g -  

m u i r  s o l u t i o n  i n  t he  p l a n e  e a s e  (when  T = 0 and  J = 

= e o n s t ) .  F o r  c y l i n d r i c a l  and  s p h e r i c a  ! d i o d e s ,  g e n -  

e r a l  e x p r e s s i o n  (17) g i v e s ,  r e s p e c t i v e l y ,  

-~eT , la ~ + 

,S' - 1 7  - -  It,,, B = (x  ~" @ ye)''~, 

(1 I(~ - %  = ,5'v,~ S -~- . )  q~ ~ - -  ~ �9 . , 

5' : r - - r e ,  , r := (x  -~-+-y ~-+z-~) '/~. 

T h e  n e x t  t e r m s  of  t h e  e x p a n s i o n  c a n  b e  t r e a t e d  s i m -  

i l a r l y .  T h u s ,  on  t he  b a s i s  of  t h e  d e f i n i t i o n  of  G 2, we  

o b t a i n  

a:., (7, (;I - ' I t  A., [ a l  

. . . . . . . .  + g::-Ti; + ~ - .~ ,,o. a0 {;0 ,/, T + 

I l i aa ~ 3 a~ ~- 
+ 2 - a " T ~ ' - - ~ - a ~  ~ "Sao ~ " 

Now for ~ / . ~ 0  in  e x p a n s i o n  (17) we h a v e  

% 157 7 "e i 7 T ' 15 
~'r;--= !~oo , ~F s - ' - i ~ 7  (/,,'-' [ , 5 j ) - -  

7 r , 
7 k~k,, ~, 6,6e) ~ -~I / , ' , 1 ,  b,,, ')  i 

315 - 

Iq,f p" - I  51,,tO" , '~ l,'~J f f  -[- 52.1 0'  
+ " T~;/ - - - - t '  71-7 . . . . .  ,] . . . . .  - 

13 ./;,'~ ] ,101 z 4 "f;/' { - ' f o "  
@ /p(i .1". I~5 ,I 

(18) 

Here t h e  s u b s c r i p t s  S, P ,  Q i n d i c a t e  d i f f e r e n t i a t i o n  
w i t h  r e s p e c t  to  t he  l e n ~ h s  of  t he  a r e s  of t he  e u r v i l i n -  
ear axesx 1, x 2, x 3, 

--  F ":;:~dx , 

a n d  k~, k 2 and  5~, 52 a r e  t h e  p r i n c i p a l  c u r v a t u r e s  of  
t h e  s u r f a c e s  x 2 = c o n s t  and  x 3 = c o n s t ,  r e s p e c t i v e l y ,  
c a l c u l a t e d  f o r  x t = 0 

[ (/,el' l ('n2' 
]':~ . . . . . . . . .  , "'2 . . . .  

2bu% a 0  2 b , / :  <, ' 

6~ - 1 a:)~" 5 . . . . .  I h, ~ 
2(.09: au ~ " 2 %  b~, 

Eormulas (6)-(9) determine the analytic solution of the equations 
of a regular electrostatic beam in the presence of emission limited 
by space charge, Each successive term of the expansion is found from 
linear algebraic equation (9). These equations, however, quickly be- 
come more and more cumbersome. It is advisable, therefore, to turn 
to higrh-speed electronic computers to obtain a solution with fairly 
high accuracy. Thus, we can calculate two-dimensional and three- 
dimensional flows from a surface of specified form and with a given 
emission-current density and construct families of equiporential sur- 
faces, each of which can be taken as a collector. 
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